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We
�

study the Lévy� dustson the line on two accounts:the fluctuationsaround the averagepower law
that
�

characterizesthe mass-radiusrelation for self-similar fractals, and the statisticsof the intervals be-
tween
�

stridesalongthe logarithmicaxis 	 their tail distribution is relatedto the dust’s fractal dimension
 . The
Le
� ´vy� dustsare suggestedas a yardstick of neutral lacunarity,againstwhich non-neutrallacunarity can be
measured� objectively.A notionof perceiveddimensionis introduced.We concludewith anapplicationof the
Mittag-Leffler statisticsto a nonlinearelectricalnetwork. 
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I. INTRODUCTION TO CHARACTERIZATION
OF FRACTALS BEYOND THE DIMENSION:

LACUNARITY, NEUTRAL LACUNARITY
AS DEFINED BY ANTIPODAL INDEPENDENCE,

LÉVY DUSTS, AND THEIR SAMPLING PROPERTIES

This
�

paperusesprobabilitytheoryto definea neutralfrac-
tal
�

lacunarityandsuggestsa way to measurelacunaritywhen
it is not neutral.Critical percolationclusters,for example,
are� of neutrallacunarityandwill be studiedelsewhere.Sev-
eral� papersdiscussedlacunarityandits concreteuses.But the
topic
�

is still newandunfamiliar, thereforewe shall beginby
addressing� the fundamentalissues.

Visual lacunarity. Consider
�

the Cantor dustsstackedin
Fig.
�

1 reproducedfrom � 1� . Thesedustssharethesamefrac-
tal
�

dimension,D  1/2, but differ in an obvious manner.
Thoseat the stack’s bottom have small holes, can be de-
scribed! asfine grained,andmimic filled-in intervals.In Ref."
2
#%$

they
�

are termedlow
&

lacunarity. Thoseat the stack’stop
have big holes, can be describedas coarsegrained, and
mimic two dots; they aretermedhigh

'
lacunarity. This dem-

onstrates( a generalpoint; a setwith a givenfractaldimension
D
)

can* be madeto mimic a broad rangeof quite different
textures,
�

pointing to the fact that the fractaldimensionis not
enough� to uniquelycharacterizefractals.

There
�

is a strongneedto measurequantitativelythe dif-
ferences
+

in lacunaritybetweentexturesin self-similarphysi-
cal* structures,suchasgalaxydistributions,spin domainsin
magneticsystems,diffusion-limited aggregates,microstruc-
tures
�

of porousandcompositematerials,andso on. Fourier
analysis� and spectralcharacterizationonly give the fractal
dimension.
,

It would be convenientif the quantitative la-
cunarity* to quantify thesedifferenceswould takethevalue0
in
-

thosecaseswherethelacunaritycansensiblybesaidto be
‘‘neutral,’’ i.e., right on theboundarybetweenhigh andlow.

Themaingoalof this papercannow besketched.A frac-
tal
�

of non-neutrallacunarity seemsto the eye to have an
apparent� fractal dimensiondifferent from the actual value.
Therefore,
�

we shall investigatefractal dustson the line and
define
,

for them a quantity that will be denotedby DP
. and�

called* ‘‘perceived dimension.’’ This is not/ a� fractal dimen-
sion,! but the eye trainedon Lévy0 dustsmay perceiveit as
one.( The perceiveddimensioncan be higher or lower than

the
�

fractal dimension,dependingon lacunarity.Dimensions
must1 not be multiplied beyondnecessity2 and� they haveal-
ready3 multiplied beyondcomfort4 ,5 but necessityhasarisen
again.� In effect,DP

. measureshow low or highagivenfractal
sits! on a stacksuchasthat illustratedin Fig. 1.

These
�

issuesraise a few difficulties: 6 a�87 The
�

notion of
lacunarity
9

turnsout to be manysided,giving rise to several
distinct
,

definitions.As a matterof fact, this paperwill dis-
cuss* two versionsof a conceptone may call fluctuation

:
la-

cunarity; . < b=%> Some
?

of thosedefinitions @ but
=

not D
)

P A fail
+

to
define
,

a neutralstate. B c*8C All
D

definitionsare statistical.For
example,� while theCantordustsillustratedin Fig. 1 aregen-
erated� by a deterministicmechanism,typical empiricalstud-
ies
-

may involve, insteadof a full dust in E 0,1
FHG

,5 a piececon-
tained
�

betweentwo pointsrandomlyselectedin time; sucha
pieceI is a randomset. In the randomcontext,eachmeasure
of( lacunarityis a function of a sampleof observations.That
is,
-

even when the true lacunarity is neutral, with typical
value0 0, thevalueactuallymeasuredon a sampleis a random
variable.0 Hence,thedifferencebetweenmeasurementsmade
on( samplesof two distinct fractalswill reflect not only the
difference
,

betweentrue lacunarities,but also a sampling
error.�

FIG. 1. A stack of Cantor sets of equal dimensionD
JLK

1/2,
whoselacunaritychangesfrom very low at thebottomto very high
at the top of the stack.
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The mass-radius relation, its prefactor F,5 theS prefactor’s
variabilityT factor, and a measure of lacunarity. Given

U
a ball

of( radiusR
V

in
-

E
W

dimensions,
,

which enclosesa self-similar
fractal
+

structure,thetotal massX measure1 Y M
Z

(
[
R
V

)
\

enclosedby
the
�

ball is known ] 2̂ to
�

takethe form

M _ R `ba FRD
c d

1.1e
or(

ln M f R gbh ln F i D ln R.

The
�

exponentD
)

is
-

the fractal dimensionandis smallerthan
the
�

embeddingEuclideandimensionE. In the caseof the
Lévy0 dust,the prefactorF is a randomvariableindependent
of( R
V

. For both F
j

and� ln F
j

,5 we obtain the expectation,vari-
ance,� andotherstatisticalproperties.Operatively,the distri-
bution
=

of the prefactorF can* be constructedby moving the
origin( of a ball of radiusR throughout

�
thestructure,measur-

ing
-

the massenclosedby the ball, and repeatingthe proce-
dure
,

for manyvaluesof R
V

. Theexistenceof a well-definedF
j

independentof R presupposesI that the structure is self-
similar! with respectto all reductionratiosr,5 andhencecalls
for
+

descriptionasa randomfractal.A systematicfractalsuch
as� the Cantor dust is self-similar with respectto reduction
ratios r that

�
fall into a geometricsequencek such! as 4l h

m
in

Fig. 1n ; it follows that F is a noisy function that is roughly
periodicI with period ln R

Vpo
3
qbr

.
The
�

prefactorF
j

,5 or evenits expectation,receivedfar less
attention� in the literaturethan the scalingexponentD. The
importanceof F residesin its intimate connectionto the
concept* of lacunarity.To understandwhy, note that the en-
semble! averagerelation s 1.1t ,5vu MZ (

[
R
V

)
\xwzy|{

F
j~}

R
V D,5 is in effect

the
�

density-densitycorrelationfunction of the structuremul-
tiplied
�

by RE
�
. In translationally invariant systems, the

density-density
,

correlationfunctiongivesinformationon the
mass1 fluctuations,andhenceon texture,but dueto the dila-
tion
�

symmetryof fractals,this functiononly yields thequan-
tity
�

F and� the scalingexponentof the averagemass.Since,
as� we havealreadynoted,a fractal structurecannotbe de-
scribed! only by its dimension,onesignaturebeyondsimple
scaling! is the statisticalvariability � to� be definedbelow� of(
M (
[
R)
\

for fixed R. Intuitively, this variability ought to be
smaller! in a fine-grainedstructurethan in a coarse-grained
one.( Hence,a possiblesignatureof lacunarityis the ratio of
the
�

varianceto thesquareof theexpectation,asmeasuredfor
either� F or( ln F.

The
�

LévyT dust as a yardstick of neutral lacunarity; antipo-
dal
�

correlation. The
�

leaststructuredor ‘‘most relaxed’’ of all
pointI distributions on the line is the Lévy0 dust, which is
generated� asthesetof positionsof an increasingLévy0 flight.
The
�

successivesteps in a flight follow the distribution
Pr
�L�

U � u����� u��� D,5 and are independent.Therefore,the Lévy0
dust
,

L hasthepropertythat,if theorigin � belongs
=

to L,5 the
portionsI of the dust to the right andthe left of � are� statis-
tically
�

independent.Thoseoppositedirectionsaredenotedby
the
�

term ‘‘antipodal.’’ Oneof us � 2#%� observed( thata positive
correlation* betweenthosehalvesis perceivedaslow lacunar-
ity anda negativecorrelationis perceivedashigh lacunarity.
It
�

follows that the Lévy0 dust is a useful standardof neutral/
lacunarity
&

. It wasshown � 4�%� that
�

linear cuts throughcritical
percolationI andIsing clustersareof neutrallacunarities.See

also� � 5�%� . This motivated us to investigatethe Lévy0 dusts
deeper,
,

from viewpointsthat did not previouslyseemcom-
pelling.I The generalizationto fractals embeddedin higher
dimensions
,

is not straightforwardandwill bepresentedelse-
where.�

This paperis constructedasfollows. SectionII introduces
the
�

Lévy0 flight processandthe resultantLévy0 dust.The re-
duced
,

massM
Z

(
[
R
V

)
\
R
V�� D for

+
the Lévy0 dust is a Feller-Mittag-

Leffler � FML � randomvariableandwe discussits properties
and� plot its distribution � apparently,� for the first time  . Sec-
tion
�

III usesthe ratio of varianceto squaredexpectationof
the
�

FML randomvariableto definethe perceiveddimension
Dp¡ . We mention in Sec. III generalizationsconcerning
higher cumulantsof the FML distribution. Section IV ad-
dresses
,

thedistributionof the logarithmof theFeller-Mittag-
Leffler
¢

variable,anddiscussesits propertiesandits bilateral
Laplace transform. We show how its Fourier transform
yields£ an accuratemeasureof the fractal dimension.Section
V
¤

analyzesthedistributionof strideson the ln R
V

axis,� which
is closely relatedto the Lévy-flight0 process.We show that
this
�

distributionpossessesa rich andinstructivebehaviorand
we� presentnumericalresultsin supportof our predictions.
Section
?

VI demonstratesthe applicability of the Mittag-
Leffler statisticsto a nonlinearelectricalnetwork.We con-
clude* in Sec. VII by discussingsome implications of our
results3 andpossiblenew directions.

II. THE LÉVY FLIGHT AND THE
FELLER-MITTAG-LEFFLER RANDOM

VARIABLES
¥

AND PROCESSES

In the following, we shall adopt the probabilists’ nota-
tions,
�

denotingrandomvariablesby upper-caseletters and
their
�

valuesby thecorrespondinglower-caseletter.For 0¦ D
)§

1, a truncatedLévy0 flight processon the line is asfollows¨
1© : Start with a uniform distribution in the range ª¬« ,15®­ ,5

where� ¯z° 0
F²±

,5 andchooseanarrayof M ordered( numbersu� i
(
[
i
³8´

1,2,...,M
Z

)
\
. Fromthis arrayform thefollowing sequence

of( numbersVmµ :

Vmµ·¶¹
i̧ º 1

mµ
U i» 1/D ¼ m½¿¾ 1,2,...,M

ZÁÀ
, 05 Â D

)¿Ã
1. Ä 2.1

#ÆÅ

The collectionof the points Vmµ·Ç 0
F

on the positivehalf line
constitutes* a truncatedLévy0 dust. It is known that, in the
limit
9 ÈzÉ

0,
F

the numberof thesepoints within a distanceR
V

from the origin satisfiesEq. Ê 1.1Ë .
The FML distribution. It is known Ì 6Í%Î that

�
the random

prefactorI F
j

follows
+

the Mittag-Leffler distribution, whose
probabilityI densityis

Ï
D
c�Ð fÑÓÒbÔ 1Õ×Ö

k
ØxÙ

1

Ú Û8Ü
1 Ý k
ØxÞ

1ß
k
àâá

1 ã ! sin!åäxæ kD
àèçêéìë

kD
àèí

f
Ñ k
Øxî

1,5
0
F�ï

f
Ñ�ðòñ

. ó 2.2
#Æô

The Mittag-Leffler distribution was first observedby Will
Feller,
�

who chosethis namebecausethe generatingfunction
of(öõ

D(
[
f
Ñ

)
\

is the Mittag-Leffler function:
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øìù
tSûúýü D þbÿ

0
�
�

e��� t f���
D
�
f
Ñ
	

df
����


k
Ø��

0
�
� ���

tS�� k
Ø

���
1 � kD

à�� . � 2.3�
We
�

hopethat our denotationherewill restoreto W. Feller
some! credit that he deservedbut chosenot to claim. A few
propertiesI of this distribution were known  7!#" : for D

)%$
0,
F&

D
c (
[
f
Ñ

)
\('

exp�*),+ f
Ñ.-

; for D / 1/2, 0 D
c (
[
f
Ñ

)
\

is a half-Gaussian;
and,� for D 1 1, 2 D

c (
[
f
Ñ

)
\

approachesthe 3 function.The form
of(54 2.3

#76
indicates
-

that the integerm½ -th momentsof 8 D(
[
f
Ñ

)
\

are�
9

f
Ñ mµ;:=< m½ !>�?

1 @ mD½ A . B 2.4C
The
�

FML random processes. The
�

reduced mass
F D M (

[
R)
\
R E D can* be considereda function of R. Its mar-

ginal� distribution for given R is a FML distribution,whose
sample! functions in time to our knowledgehave not been
investigated
-

until now. We think that they deserveto be
called* FML randomfunctions.

III. LACUNARITY AS DEFINED THROUGH THE MASS
VARIABILITY, AND THE CONCEPT

OF
F

‘‘PERCEIVED DIMENSION’’

The variability factor. A possiblesecond-ordercharacter-
ization
-

of lacunarityis the variability factor G 8H(I
JLK

D M(N
O
f
Ñ;PRQ

f
ÑTSVU 2W

f
ÑTX 2Y Z\[ f

Ñ 2 ]^
f
ÑT_ 2Ya` 1. b 3.1

q7c
From
�

Eq. d 2.4
#7e

we� find

fhg
D i(j 2k 2 l 1 m D no�p

1 q 2D rts 1,

which� is plotted in Fig. 2 againstD.

The variability factor is independentof R due
,

to the self-
similarity! of theLévy0 dust,andis relatedto the fact that the
jumps
u

of theLévy0 flight haveaninfinite expectation.For the
stopovers! of a flight in which the jumpshavea finite expec-
tation,
�

the variability factor v depends
,

on R,5 andtendsto 0
as� R w
x ,5 which is a restatementof thelaw of largenumbers.y
For
�

example,in a Poissonprocess,thevariability factorvar-
ies
-

asR
V�z 1.{ For

�
the Lévy0 dust,the factor | (

[
D
)

)
\

is indepen-
dent
,

of R and� decreasesmonotonicallywith the fractal di-
mensionD. For example,}%~ D � 0

F#���
1 for �%� D � 1/2���%� /2

�� 1� 0.5708,
F

and ��� D)%� 1��� 0.
F

It
�

wasto beexpectedthat, for theLévy0 dust,thevalueof
this
�

lacunarityshoulddependstronglyon the fractal dimen-
sion.! Indeed,a Lévy0 dust near D � 1 is almost uniformly
distributed
,

and the variability factor of its mass, M
Z

(
[
R
V

),
\

should! besmall.On theotherhand,a Lévy0 dustwith D
)%�

1 is
extremely� unevenandthe variability factor of its M (

[
R)
\

has
to
�

be very large.The graphof � (
[
D
)

)
\

confirmsthat for Lévy0
dusts
,

lacunarity increasesas D
)

goes� from 1 to 0. It also
shows! that � (

[
D)
\

is very sensitiveto D nearD � 1, where�����
1����� 1, and not at all sensitive near D   0,

F
where¡£¢�¤

0
F#¥�¦

0.
F

Therefore,the techniquesto be advancedbelow
are� better suited for values of D

)
that
�

are not very small
compared* to 1.

The perceived dimension. Let usconsidernow theCantor
stack! shownin Fig. 1. Whenthe lacunarityis far lower than
neutral,§ the setmimics a filled-in interval.That is, it mimics
a� misleadinglyhigher value of D. This in turn meansthat
one( expectsthe variability factor to be smallerthanthe true
value0 of ¨ (

[
D
)

).
\

The
�

function © (
[
D
)

)
\

suggeststhen a perspicuousway to
measurelacunarity. Invert the function ª (

[
D)
\

for the Lévy0
dust,
,

Eq. « 3.1
q7¬

,5 to obtaina function DN
­¯®±°³² ,5 wherethe index

N
´

refers3 to the neutralcharacterof the Lévy0 dust.From the
measured1 histogramof F

j
for
+

any given real systemobtain
the
�

measuredvalueof µ . Now insert the measuredvalueof¶
into the function DN

­¯·±¸³¹ . The resultcanbe calleda º visu-0
ally�¼» ‘‘perceiveddimension,’’which we denoteby D

)
P . The

three
�

possibilitiesthatariseareinterpretedasfollows: When
DP
.¾½ D,5 the lacunarity is definedas neutral;when DP

.�¿ D,5
the
�

lacunarity is definedbelow neutral; when DP
.¾À D,5 the

lacunarity
9

is definedaboveneutral.
Thus,
�

one can take the value of D
)

P as� a measureof la-
cunarity.* For example,supposethat in Fig. 2 the dottedand
dash-dotted
,

linesrepresenta setof measurementsof thesys-
tems’
�

variability factors.Theentiredotted Á dash-dotted
, Â

line
9

shows! a perceiveddimensionhigher Ã lower
9 Ä

than
�

D
)

and�
therefore
�

its lacunarity is below Å above� Æ neutral.Note that
this
�

measureprovidesa different scalefor eachtrue D, a5
complication* thatmaybeavoidedby taking the ratio of per-
ceived* to true dimension,D

)
P/
�
D
)5Ç

or( perhaps,D
)

P/(1
�ÉÈ

D
)

)
\ËÊ

,5
but
=

we havenot yet exploredthis idea.
Higher order variability factors. Once

Ì
again, the main

significance! of Í (
[
D
)

)
\

in measurementsof self-similar ran-
dom
,

datais thatit helpsdistinguishdifferentfractalswith the
same,! or similar, valuesof D but

=
differentstructureÎ lacunar-

ity Ï . Onecangeneralizethe aboveanalysisto ordershigher
than
�

secondanddefinethe following families of quantities,

S
Ð

k
Ø�Ñ D Ò(Ó Ck

Ø�Ô D).ÕÖ
C1 × D ØÚÙ k

Ø . Û 3.2
qÝÜ

FIG.
Þ

2. The variability factor ß (D
J

) for the Lévy� flight à solid�
lineá .â The dotted ã dash-dottedä line is an exampleof systemswith
perceiveddimensions,DP higher å loweræ than D andç hencewith
lacunaritywhich is below è aboveç é neutral.
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In this expressionCk
Ø ([ D)

\
is the k

à
th
�

cumulantof the FML
distribution.
,

Clearly, S
Ð

2(
[
D
)

)
\(ê�ë

(
[
D
)

)
\
. It is straightforwardto

show! that S
Ð

k
Ø ([ D) )

\
is a decreasingfunction of D

)
for
+

all k
à
. For

example,� for D ì 0,
F

1/2 and1 andk
à�í

2, 3, and4 we find the
values0 given in Table I. For all k

à
,5 in the limit D î 0,

F
S
Ð

k
Ø�ï (

[
k
à�ð

1)! andwhenD
)%ñ

1, S
Ð

k
Øóò 0.
F

IV. THE LOGARITHMIC MITTAG-LEFFLER
DISTRIBUTION
ô

The traditionalway to analyzefractal structuresis to plot
ln m½ against� ln Vmµ ,5 which yieldsthefractaldimensionasthe
average� slopeof the resultantline. After this linear line has
been
=

subtracted,the plot of ln F
j

as� function of ln R
V

re-3
sembles! a noisy time series.Figure3 showsa typical plot of
such! a processwith D õ 0.2.

F
It is thereforenaturalto call ln F

the
�

logarithmicMittag-Leffler ö LML
¢ ÷

random3 variable.
Consider
�

the randomvariablesY and� R
V˜ defined
,

through

R̃ ø ln R,5
Y ù ln F ú ln M û D ln R.

Using
ü

Eq. ý 2.2þ ,5 the probability densityof Y is

gÿ D � y������� D � fÑ
	 e� y�
� d f
�
dy
�

f
���

e� y�
� e� y�

� �
k
Ø��

1

� ���
e� y�
� k
Ø��

1�
k
à �

1 ! ! sin!#"�$ kD
à&%('*)

kD
à,+

,5 - 4.1
�/.

where� 02143 y�6527 .
Numerical
´

evaluation and unimodality. Figure 4 plots
gÿ (
[
y� )
\

for valuesof D
)

that
�

rangefrom D
)98

0.1
F

to D
)9:

0.9
F

in
steps! of 0.1. Theseplots are obtainedby numericalevalua-
tion
�

of the sumin Eq. ; 4.1< ,5 cut off at a valuek
à

max= beyond
=

which� the remainderof the sumcanbe neglected.
For
�

all D
)

,5 gÿ D(
[
y�?>A@ )

\�B
0
F

. Since gÿ D(
[
y� )
\

is not constant,
there
�

existsat leastoney� * for
+

which gÿ (
[
y� * )
\

is a maximum,
i.e., gÿ D

c (
[
y� * )
\�C

gÿ D
c (
[
y� )
\

for all y� . It can be shownvery easily
that
�

for D D 1, 1/2, y� * is unique,so that gÿ (
[
y� )
\

is unimodal.
Indeed,
�

by plotting gÿ (
[
y� )
\

for many valuesof D
)

between
=

0
and� 1 E Fig.

�
4F we� find that this resultholdsfor all D

)
in
-

this
range.

The bilateral Laplace transform and related analytic re-
sultsG . The bilateralLaplacetransformof gÿ D(

[
y� ) i
\

s

H*I
tS
J gÿ D K�L MON

N
e� ty� gÿ D P y��Q dy

�SRUT*V 1 W tSYXZ*[
1 \ tDS^] _ 4.2̀

for
+

anypositiveandintegervalueof tS . Theright-handsideof
Eq.
a b

4.2
�dc

is
-

obtainedby substitutingthe form e 4.1
�df

in
-

the
integralandchangingvariablesto f

Ñhg
e� y� . The proof that the

resulting integral is exactly the tS th� moment Eq. i 2.4j is
straightforward! and usesEqs. k 2.2

#dl
and� m 2.4

#dn
. For complex;

values0 tSporqts i
³�uwv

providedI that the integral for the moment
exists� x ,5 we usethe generalizedform of the gammafunctiony
9
z|{

,5 andrelation } 4.2~ becomes
=

�*���t�
i
³����

gÿ ��� �2� 1 �r�t� i
³����

�
1 �����t� i

³p���
D
) ,5 � 4.3

�d�

which� for ��� 0
F

is the bilateralFourier transform.Using � 9z�� ,5
the
�

spectralintensity is

�  ¢¡�£�¤
gÿ ¥�¦ 2Y�§ 1

D
) sinh! ¨�©«ª D ¬

sinh! ­�®«¯�° . ± 4.4
�/²

Relation ³ 4.4́ is easy to check for the three valuesof D
where� the FML is known explicitly. Integrating over the

TABLE I. Valuesof Sk
µ for k

¶¸·
2,3,4at D ¹ 0, 1/2, 1.

D S
J

2
��º4» (D

J
) S

¼
3
½ S4

¾
D ¿ 0 1

À
2 6

D Á 1/2 Â /2
OAÃ

1 2Ä Æ Å/2O 2Ç
È 6
D
JÊÉ

1 0 0 0

FIG. 3. A typical plot of the masslogarithmvs the radiusloga-
rithm Ë both

Ì
naturallogarithmsÍ .â Thefractaldimensionin this plot is

D
JÊÎ

0.2.
À

FIG. 4. The logarithmic Mittag-Leffler probability density
againstlog2(xÏ ) for D Ð 0.1–0.9 in stepsof 0.1. The highestpeak
belongsto the curvewith D

JÊÑ
0.1.
À
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(
[
i
³�Ò

)
\
th momentÓ (

[|ÔÖÕ
gÿ )
\�×AØ

0
� Ù f
Ñ i ÚÜÛ

D
c (
[
f
Ñ

)
\
d f
�

immediatelyyields
Eq. Ý 4.4Þ for thesethreevalues.

Direct
)

relevance of relation (4.4) to practical measure-
ments½ of D. For small valuesof ß we� find, by expanding
relation à 4.4á ,5
â ã¢ä�å�æ
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Whenever
� �

is
-

not very small, suchthat exp(2 ��� D
)

)
\

is not
very0 closeto 1, we obtain

ln
9 � ���	��


gÿ
��� 2Y �
const* ��������� 1 � D

)���� �
. ! 4.6

�#"
Thus,
�

plotting the intensity $ %�&('*) gÿ,+�- 2Y semilogarithmically! it
should! be possible to observea constantslope for .	/ 1/
(2
[10

D)
\
, which extendsovera wide rangeof valuesof 2 . For

small! valuesof 3 465 6/
Í6798;:

1< D
)�=(>

,5 this plot shouldbe de-
creasing* parabolically. It follows that relations ? 4.6

�A@
and�B

4.7C allow� oneto crossdeterminethe dimensionof the sys-
tem.
�

Givena systemwhosefractaldimensionis unknown,all
we� needto do is constructthehistogramof therandomvari-
able� Y and� thenFourier transformit. Plotting the logarithm
of( the absolutesquare D the

�
intensityE of( the Fourier coeffi-

cient* asa function of F should! give, awayfrom the origin, a
straight! line of slope GIH 1J D

)�K
as� in Eq. L 4.6

�AM
. This method

can* be usedto checkon the traditional methodof plotting
ln m½ versus0 ln(Rmµ )

\
. Furthermore,this techniquemay be

moreaccuratefor systemsthat arenot largeenoughfor the
usualN massaveraging.Therefore its applicability is more
promisingI at low fractal dimensionsO D)QP

1R . We will pursue
this
�

issuein Sec.V.

V. THE DISTRIBUTION OF THE RELATIVE JUMPS
IN THE RADIUS

Self-similarity
?

concernsdilation or reduction,which are
multiplicative1 operations. Taking logarithms transforms
them
�

into translations.A particular application of such a
transformation
�

to logarithmiccoordinatesis discussedin S 3q�T .
For
�

example,takethestandardCantorduston U 0,1
FAV

,5 extrapo-
late
9

it to the right by successiveexpansionsof ratio 3, and
look at it in the coordinate W̃ X ln Y . When the dust is infi-
nitely interpolated,its imagein ln Z time

� [
is a periodic point

processI on thewhole line, in which largegapsof lengthln 2
alternate� with deformedCantordustsof lengthln \ 3/2

q^]
. Now,

consider* a truncateddust, i.e., one interpolateddown to a
smallest! ‘‘atom,’’ but no further. Its imagein ln _ time

� `
is a

processI on the half-line to the right of the origin. The suc-
cessive* large gapsare unchangedby the imposition of an
inner cutoff, and the successivepiecesbetweenthe gaps
build
=

up asonemovesright to an infinitely interpolatedde-
formed
+

Cantordust.In that limit, the distributionof the gap
lengths
9

converge to a well-defined limit. For small gap
lengths,this limit is Pr(V a u� )

\�b
u�Ic D
c

.
Let us return to our randomLévy0 dust. Once again, in

logarithmic
9

coordinatesthe dust transformsinto a stationary
random3 point process.In otherwords,the quantity

d
mµfe Vmµfg Vmµfh 1 i ln

9
1 j u� mµ k 1/D

l
i m 1

mµfn 1

u� io 1/D

p
5.1
�Aq

hasa limit distribution independentof m½ . We reiteratethat
the
�

FML randomprocessM
Z

(
[
R
V

)
\
R
Vsr D can* beviewedasfunc-

tion
�

of ln R
V

and� it becomesa Feller-Mittag-Lefflerprocessin
this
�

variable.The randomvariable t mµ is the differencebe-
tween
�

them½ th
�

andthe u m½Qv 1w th� stepson thelogarithmicaxis
on( which the Lévy0 dust was mapped.In practice,as we
know,
x

thevaluesof u� i are� pickedfrom a uniform probability
density
,

that rangesfrom u� min=zy|{*} 0 t
F

o u� max=�~ 1. A lower cut-
off( is required by both physics and computationalcon-
straints.! We stressthat the results are independentof � ,5
which� simply facilitatesthe calculations.Thus the probabil-
ity densityof u� i is

f
Ñ;�

u� i ��� 1/� 1 ��� � ,�
0,
� ��� u� i � 1

otherwise.� � 5.2
�#�

We
�

now seek the probability density of the variable�
mµf� exp�����

mµ�� . The probability density of � ,� P̃ ���¡  ,� can be
found
¢

through

P̃ £ ¤
mµ¦¥�§

0
�
¨ ©

i ª 1
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f
¬;­

u� i ® du
¯

i ° ± m«f² 1 ³ u� m« ´ 1/D
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¶
i · 1
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1 »½¼
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1

¾*¿ 1/D
À Á

i Â 1

m«fÃ 1 Ä
iÅÇÆ D È 1 É d¯¦Ê i

Ë Ì Í
m«fÎ 1 ÏfÐ

i Ñ 1

m«fÒ 1 Ó
i

ÔÇÕ DµfÖ 1 ×
. Ø 5.3

Ù#Ú
Using
ü

thenormalizationconditionandsomealgebrawe find
that
Û

P̃ Ü Ý
m«¦Þ�ß à D

áâ
1 ã�ä 2 å æ mçQè 1 é D ê ë m«fì 1 í�îÇï D ð 1 ñ ò 5.4

Ù#ó
The
ô

next stepis to obtainthe probability densityof õ m« :

P ö9÷ m«ùø�ú P̃ ûýü
m«¦þ d

¯ ÿ
m«

d
¯ �

m« �
m��� exp���
	

m���

 � D�

1 ��� 2
�����

mç�� 1 � D
µ e��� m��

e��� m�� 1 ! D
µ#"

1 ,� $ 5.5
Ù&%

where' (
m« is definedover the interval

ln ) 1 *�+ 1/D
µ

/
,.-

mç�/ 1 021 , l� n3 1 4�576 1/D
µ

/
,28

mç�9 1 :2; ,�
which' tendsto < 0,

�>=@?
asACBED 0.

�
This probability density de-

creasesF monotonicallywith G m« from
¢

its maximalvalueof

PmaxH D
á

1 IKJ 2
�ML2N mç�O 1 PRQTS 1/D

µ#U
1 V W 5.6

Ù&X

atA the lowestvalueof Y m« . Moreover,P
Z

is
[

a strictly convex
function
¢

of its argument;a propertythat can be verified by
consideringF thesignsof successivederivativesof P: In terms
of� t\^] e��_ m��` 1, Eq. a 5.5

Ùcb
becomes
d
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The
ô

sign of the k
{
th
Û

derivative,d
¯ (
|
k
}

)
~
P
Z

(
�^�

m« )/
�

d
¯��

m«k} ,� is the same
asA that of d

¯ (
|
k
}

)
~
P
Z

(
�
t� )/� dt

¯ k
}��

(
�R�

1) k
}
. This changeof sign with

successive� differentiationsshowsthat P(
�^�

m« )
�

is strictly con-
vex.�

In
�

the plot of the logarithm of P
Z

(
�^�

m« )
�

as a function of
t� m«#� exp� ���

m«��.� 1, it shouldbe possibleto detectthe combina-
tion
Û

of the two slopes � D andA � D � 1 in expression� 5.7
Ùc�

.
At low valuesof t� m«�� i.e., � m« very� close to zero� the

Û
mean

slope� is � D
á��

1 andit crossesoverto � D
á

for
¢

largevaluesof
t� m« . This distributionplaysan importantrole in manyphysi-
calF systemsandthe tail of the cumulativedistributionof the
variable�  

m« ,� G
¡

(
�E¢̃

),
�

is

G
¡¤£¦¥̃ §i¨

ln
©«ª̃
¬

P
Z®­°¯

m«²± d¯�³ m«µ´ ¶
1 ·�¸ 2

�º¹.»¦¼̃ ½ 1 ¾i¿ D
µÁÀ

mç�Â 1 Ã D
µ#Ä�Å

.Æ
5.8
ÙcÇ

Since
È

the behavioris not purely exponentialin ln É̃ there
Û

appearsA a crossoverwhenthe first term in the curly brackets
becomes
d

comparableto Ê . This can be understoodby in-
specting� relation Ë 5.8

ÙcÌ
: as D decreases,

Í
the first term in the

curlyF bracketsdecreasesand for a given valueof Î the
Û

two
terms
Û

becomecomparablefor largervaluesof Ï̃ .

VI. THE FML IN A SYSTEM OF NONLINEAR VARISTORS

The
ô

Mittag-Leffler statisticshavemanyinterestingappli-
cationsF in physicalsystems,mostof which havenot yet been
recognizedor addressed.Here we give an illustrative ex-
ampleA of one suchapplication:the occurrenceof the FML
distribution
Í

in a conductingsystemof varistors.A varistoris
aA nonlinearresistorthat follows a current-voltagecharacter-
istic of the form Ð 10Ñ

V j
ÒEÓ rÔ j

Ò IÕ j
Ò Ö ,× Ø 6.1

ÙcÚ
where' V j

Ò andA I j
Ò are,A respectively,the voltagedrop and the

currentF pertainingto the j
Û
th
Û

varistorrÔ j
Ò is
[

a coefficient,which
we' termresistancedueto its beingparallelto theusuallinear
resistance,but whose units are Ü /A

,�ÝiÞ 1. The parameterßà
which' is usually temperaturedependentá is presumedcon-

stant� for all the varistorsin the structure.We shall limit our
discussion
Í

to the sublinearregime0âäã²å 1. We considermç
varistors� connectedin parallelbetweentwo nodesA andA B asA
in Fig. 5,

VAB
æ�ç R

è
AB
æ I
Õ

ABé . ê 6.2
Ùcë

Thequestionthatwe addressis how RAB
æ is distributed.For a

givenì realizationof thelocal variablesrÔ j
Ò ,× thevalueof R

è
AB is
[

givenì exactlyby

R
è

AB
æ�í î

j
ÒEï

1

m«
rÔ j
Ò ð 1/ñ ò²ó . ô 6.3

Ùcõ

The direct equivalencebetweenrelations ö 6.3
Ùc÷

andø ù 2.1ú is
immediatelyapparentvia the transformations

ûýü D
á

,× rÔ j
Ò^þ uÿ j

Ò ,× Vm«�� R
è

AB
� 1/� .

Substituting
È

theseinto Eq.
�
1.1� yields�

RAB � F
�

/
,
mç ,× 	 6.4

Ù�

andø it follows that RAB is a FML random variable with��
 (� f

¬
)
���

see� Eq. � 2.2
�����

. For example,the averageof R
è

AB is
�

�
R
è

AB
æ���� 1/� mç��! 1 "$#&%(' . ) 6.5

Ù+*
Similarly,
È

the secondmomentof this distribution is

,.-
RAB
æ2��/�021 RAB

æ2��3�425 RAB
æ�6 2 7 2

�
mç�8!9 1 : 2 ;&<>=

1

mç 2? 2 @ 1 ACB&D ,×E
6.6
Ù�F

andø so on. Thus the aboveanalysisdirectly appliesto this
system� andonecanlearnaboutthestatisticsof thenonlinear
conductingG systemby adaptingrelationsfrom the LévyH dust
statistics.�

It shouldbe mentionedthat the samecalculationcan be
appliedø to continuousI nonlineardielectricswith slabsin par-
allelø or perpendicularto the capacitorplates,since the ex-
pressionJ for thetotal dielectricconstanthasexactlythesame
form asEq. K 6.3

Ù+LNM
11O .

VII.
P

CONCLUSION

Characterization
Q

of fractal structuresby lacunarity is a
muchneededstepbeyonddescriptionby a fractaldimension.
It
�

is difficult to know from measuringa seeminglyrandom
structure� what is the processthat generatedit. Further,even
if theprocesswasknown,thestructure’sstatisticsareusually
difficult
R

to analyze.Therefore,it is of valueto havea base-
line
S

system,whosemassdistributionis well understood,and
againstø which lacunaritiesof other fractal processescan be

FIG. 5. A varistorselectriccircuit realizationof Mittag-Leffler
variablesandstatistics.
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comparedG andclassified.We proposethe LévyH dust for this
role. Sincethe Fourier transformof the LML distribution is
known
U

explicitly, one can analyzethe spectrumof a mea-
sured� stochasticprocessat handandcomparewith the LévyH
dust.
R

Thesimilaritiesanddifferencescanthenyield informa-
tion
V

aboutthe rulesthat generatedthe observedstructure.
We
W

addressedin detail thelacunarityof theLévyH dustand
generalizedX thedefinitionof lacunaritygiven in Y 8Z\[ to

V
higher

order] cumulantsof thedistributionof ln F obtaining] a family
of] relatedquantitiesS

^
k
} for theLévyH dust,theS

^
k
} depend
R

only
on] the fractal dimensionD

_
. This confirms that lacunarity

cannotG reduceto one numberbut requiresseveralmeasure-
mentsthat aremutually dependentin subtleways.

We
W

alsodiscussedthe distributionof the stridesbetween
the
V

mç th
V

andthe ` mçba 1c thV stepsalongtheln R
è

axis,ø andfound
its
�

tail distribution.This tail is directly relatedto theapparent
self-similarity� and gives anotherpossibility to measurethe
fractal
d

dimension.Theadvantageof this methodof determin-
ing
�

D
_

is
�

in its robustnessagainsterrors due to too small
statistics� and henceis valuablefor low valuesof D,× where
traditional
V

approachesneedgatheringof manypoints,resort-
ing
�

to very largedatasets.
It
�

shouldbe emphasizedthat F
�

andø S
^

k
} areø not the only

possibleJ characterizationsof lacunarity.See,e.g., Refs. e 3f\g
andø h 4i . For Cantordustsandotherhighly hierarchicalstruc-
tures,
V

M
j

(
�
R
è

)
�
R
èNk D is

�
not a randomvariableindependentof R

è
,×

but
l

rathera noisyperiodicfunctionof ln R
ènm

3
f\o

andø thenotion
of] lacunaritybecomesmoreinvolved.Sucha log-oscillatory
behavior
l

occurs,for example,in fracturesidebranchingp 12q
andø in many biological branchingsystems.The notion of
lacunarity
S

is alsobeginningto play a centralrole in thestudy
of] diffusion-limited aggregationr 13s . A relatedapproachto
lacunarity t 4u concernsG thestatisticsof antipodalcorrelations
aboutø pointsin thestructure.In onedimension,for example,
this
V

consistsof correlationsbetween‘‘forward’’ and‘‘back-
word’’v structures.The connectionbetweenthis and our ap-
proachJ deservesa careful look.
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pp.� 12–38; Seealso in Fractals in Biology and Medicine, ed-
ited
�

by T. F. Nonnenmacher,G. A. Losa, and E. R. Weibel�
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