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The dynamic structure factor S(q.  to) of  the vtbralmnal modes of a dctcrmintstic fractal ~s anal.szed as a funct=on of both 

frequency (¢,s) and momentum (q)  transfer, h ,s found lhal S(q.  tal is peaked a' qr,~, "--¢'~" ': .... . ,~hcre 0 =s the anomalous 

dtffus~on exponent,  and =s a scahng function o f q '  : .... :/(o. The results are obtained b.,, a no',el recursmn melhod for the ealcula. 

uon of  the ,, ,bration Green's I'uncuon of a determm,suc fraetal. The.~ confirm pred,etlong based unon Ihe fracton scal,ng model 

I. Introduction 

The dynamics  of  disordered sys tems is a subject o f  

considerable  interest. In particular,  much work has 

been devoted  to studies o f  geometr ,cal ly  disordered 

systems (e.g. percolation clusters)  b3 scaling consid- 

erations [ !.21. by numerical s imula t ,ons  [ 31 and by 

scattering exper iments  [4.51. These  structures ap- 

pear IO be homogeneous  al length scales longer than 

the connecu~ ~l.X length ~. and exhlb=! fractal charac- 

teristics at shor ter  length scales. The dynamic exei- 

tattons o f t h e  latter regime are t e rmed  fractons [ 1.2 ]. 

Fracton modes  are localized: their local izauon length 

decreases rapidl.~ with increasing frequency [21 and 

~s smaller than ~. B) scaling cons idera t ions  it was ar- 

gued [ I ] that the fraclon densit~ o f  states ,~,.'((,~) var- 

ies as w z- ,. where (o is the f requency and ¢~r is ~he 

I'rncton d,mensionalit.x [ I ]. The excitat ions pertain. 

ing to the homogeneous  regime are phonons, w=th 

~,ound x 'e locHx ~h~! dt: 'pcrl( is t ! pon  ,~ Thos .  w i f h i n  ~he 

scal,ng picture, the low-frequency por~o:~, of the 

spe¢lrun, co~s~sls of ex,,,?n.dcd ph3;;o..-,,~ 3n,] Ib,,.'- 

hlgher-frequenc.~ part o f  localized fraetons. The 

crosso',cr frequency e4 te=(ds to zero as ,g increases 

l e.g. as the percolat ion threshold is approached) .  

,,.,, ~ £ - ' "  " "-. where 0 is lhe exponen t  characteriz- 

ing the dff fusmn on a fractal [ 6 ]. The  crossover from 

I'r~ctons I.o phonons has recentl~ been establ,shed by 

light scatterin" " , ;- ' ""J~ 141. Fracton mudes were 

also invoked to interpret  Raman sca! ,ermg data of 

silica aerogels [ 7 I. 

4n e.xcllalior, spect rum is common).~ probed b~ 

inelasuc neutron or  I)ght scattcrmg. ~ htch measur~'s 

the d., nature structure factor SC ,1- ~'-~ I as a function of 

(requenc.'~ and momenlun: transfer of  t~c scattered 

par~;clcs. This metho~ has receml.~ bee~. app]'e.J to 

s)Itca aerogels i41 and also to diluted anttterromag- 

nets [ 5 ]. in which the short-length-scale spin modes 

are expected to have fracton features [ 2 ]. 

The detailed form of  the d.~ namic s tructure factor 

o f  tenuous systems is yet unknown. Some general re- 

marks can be made  using scaling arguments  [ S I and 

an explicit anat,,sis v, as carried t~ut ~,ithm fiqe effcc- 

twe medium appro,,maat~on i ~ ]- Here v,,e ?,resen, an 

exacl calculaliort o~" lhe d3 namw slruclu;c (acior c (a  

,ractal ob.lec~ [ ' J0 i  

The eoncepl .--ff ffaet~l grometr3. I'lr.q ,nlroOu, c,2d 

bx I'da:,ddb.ret i ~' !'~a-: -." Iu-r~.~ ,~,I.I" IC C.,." .,-I'~O_-,t ~tS':- 

ful tool in studies of  tenuous materials. For exan~..n~e. 

~.'!;ca aerogels at ,short tength scales are charac 'enzed 

b~ their fractal d imens |ons  [4 i. The same =s ~rue for 

a percolating s.~ stem close enough to ihe percolauon 

threshoId I I2 ] .  !,~ is Ihere0\~r¢ o;  ==:~c-cs~ ~o ~n~es'.~- 

E_%a.~smhonourolBenod B Mzr'~,' lbrot o1~.~ 2-.,,.~ ,~' ~ "t5,: : El~e~c-5,cwnceP,.tbh~he.r~Dt 
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gate the d~namic propertnes of  a fractal structure. In 

.,,ection 2 we compute S! q. to ) lbr a modified version 

of the S~elpinski gasket [ 1 I I (see fig. I ). We present 

there a no~el recurslon method for calculating the vi- 

bration Green's function of  a deterministic fractal. 

We find that SI q, to) has a well-defined maximum as 

a function o f q  or to and exhibits single-variable scal- 

ing. The anabsis  of  the peak position as a function of  

frequency confirms the fracton model prediction 

[ 1,2.8 ]. Section 3 includes ~ome conclusions. 

2. The  structure factor 

The determination of S(q. co) necessuates the 

knowledge of  the full Green's function of  the ~.ibrat- 

ing structure. We present here a new algorithm for a 

successive construction of the Green's  function, and 

use it to derive a recursion relalion for SIq, wl .  The 

algorithm is extremel.~, efficient and can be exploited 

in computations of  other properlies related to vibra- 

tion dynamics, e.g. the heat diffusion. 

The model considered I see fig. I ) ~s a xers~on of  

the t~o-dlmensnonal Slerpmski gasket [ I I ]. on ~ hich 

~st...~OlX ~." 11",2 s c a l a r  elasttCll.~ equat,ons 

- ; ' t ¢ ~ : . t ¢  = x- IIld . . - - H . ) .  t,.,~ :O~-'}-I,1. I1.~ 

where u, is the displacement of the ilh mass from its 

equilibrium position, nn denotes nearest-neighbours 

and t is the spring constant. The dislance between two 

enices of different triangles is set to zero m order to 

make the structure geometrically self-similar. This 

structure is more amenable to efficient calculations 

than the usual Sierpinski gasket. Though it is not self- 

similar, the low-frequency speclrum rapidly con- 

verges (as a function of  iteration order J to that of the  

common Sierpinski gasket [ I I ]. It simulates a struc- 

ture with holes on all length scales - a feature exhib- 

ited by some of the systems [4 ] studied in scattering 

experiments. 
The solution to eq. { I ) may be written in terms of  

the retarded Green's function, whose i,j- matrix ele- 

ment is denoted G,,Ito, J. Here i and .t are site in- 

dtces. The structure faclor is lhen given by 

I 
Slq .  c o l = - -  Im V e x p l i q . ( R , - R , ) l G , , ( ¢ o .  ) ,  

m which to is lhe real part of to+ and R, denotes *.be 

coordinate of  the tth site. 

We no~ outline lhe deri~ atnon of the rccursnon re- 

lation Ibr 1he Green's funct)on matrix elements which 

are used in co. (2 ~ to obtain the recurs~on Ibrmulae 
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of SI q. w l. Suppose xs.e know the lull Green's  func- 

tion o f the  ( n -  I )th stage. G .... " .  The Green's  func- 

t i o r t  ot ' the nth stage. G ' "L  can be ~ r,tten. ,n main, ,  

notation, as 

G ' " ' = [ g - ' +  r ] - '  (3) 

where 

0 0) 
g :  G . . . .  " 0 (41 

0 G ' " - "  

and F :s a coupling matrix• connect ing the three 

( n -  I )th gaskets to form the nth stage gasket. Note 

that G ' " '  is an N matrix, where N is the number  o f  

rotes ( N =  3" ) in the nth stage gasket. Referring to fig. 

I. one notes that there are pal) six nonzero matrix 

elements in F. the ones connecting together the three 

( n -  I )th stage gaskets. Expanding eq. ( 3 ). it is eas -  

Ily seen that each term of the expansion includes those 

matrix e lements  o f  r .  and the diagonal  (c¢)  and non- 

diagonal (,a) matr ix  elements of  G' " - "  ~i th  respect 

to the external sites of  the ( i t -  I )th stage. ( For ex- 

ample. G,: and G,: in fig I. ) h therefore follows,ha:  

.... = g - g T ~ .  T = F [ I + ~ F ]  -~ (5)  

and to obtain T exphcttl~, one has to inxert a 6 b.~ 6 

tnalrtx. The elements  of  the syntmetr tc  m a i n \  T are 

g,,,en in terms ol (~  and/L which in turn• ~te caJcu- 

lated recursively. The evaluat ion of  S( q. (o) i nvol~ es 

the site coordinates.  To incorporate  those into the re- 

cursive procedure,  we have adopted  an hierarchical 

scheme in which the coordinates o f  each si,e are de- 

fined with respect to the center o f  the smallest gasket 

to x~h,ch ,I belongs, the latter being measured with 

respect to the second smallest gasket, and so on. 

The results are presented i~r a gasket of  3 t'' sties 

and v,.a~exectors q at an angle ;t,/4 relative to one o f  

l l l ~  ~. U ~ .  21 ~ I I I  l , . ~  UR  I l b%,  l i ~ . ' l l  I I~ i ' l l%S+ . / I d~ l "  a 'h, l I a~  I ~ I ~ I I  I l h l l  I k a~  

gaskeI s.~mmct,~, a, "s). -%lq. ¢..:~ l~a,-, a ~elf-d-'f~r.ed 

m a \ : m L i m  a s  a i 'UnClbZ:i~ OP" ~ ~3r , .' i ',.?d ~'tg "~ t. T h : '  

anal}s~s of  the pe3k po~,it:on q,,,.,,, a: a function of  

frequen,:.~ ) ieids 

q ...... ~.+,) ' :  .... (61 
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Fig. 2. T)p~cal  c u r v e s  o f  +r~:S(q. (,), , ,ersus  q for  t h r ee  closeb~, 

f r e q u e n o e s  b e l o n g i n g  to d , f l ' e ren t  subse ts .  

which confirms the fracton model prediction [ 1.2 I. 

Here 2 + 0=  In ( 51 / h• ( 2 ). Indeed. eq. ( 6 ) agrees ~ :th 

the scaling assumpt ion [ t.21 Ibr the mass n: and the 

couphng constant  t. in conjunction xs i th the basic re- 

lation o3'=I/IH. Thus. excitations of  frequenc)<.., 

correspond to mopes Ok" Spatiai s a t i a t i o n  (!.~,.i,. The 

spectrum of  the gaskei to.dudes a small number  of 

nondegenerate cngcn~alucs charactez~si~c tO ~iS spc- 

c, fic const ,uctton p.roccdur,: i ;3] These ~xerc no- 

.+- l l + i a ,  .'2. ~ | ... ~ + o x  [...,~,,. ~.+~ att, L[ld 3!'a~. C;--',II :::..,Jp,~ ..".~ ' . . , • t : v .  

properties and we concentrated on eigensmtes char- 

acleristic to the fractai nature of  the structure. Most 

o f  these eigen,, alues are h,ghb degenerate. The5 sep- 

arate mto subsets o f  frequencies [ 13 [. ~ :~b.:n each 
• .~ .., + , .  - 

the frequencies relate by o J - = _  ~o.-_, ~o.r '.l.-, .... 

= 2 a  . . . . .  ,) .  wb.ere , chum.erases members c,:" th~ 

same subset The de,~..rnerac~ -ff the ,,:- c~gen~;ue ~s 

approx:matel) proportional to 3. 
. - ,- <,,~ + The f r a c i o n  m o d e l  assumc. , ;  [he ~ e,,,st¢:-R.:." ~y ,~ . 

. ~ L I ~ ,  J | i E ~ . . { I J ~ . ' l | ~ . . ~ - J ~ , l ~ ' . S g ~ g . , L J ~ .  ' ~ . u l ~ ,  , ' . . . .  k 3%,2  %-z -  ~ "~" ~ ~ 

I'0'." i~".' ~,~. ~12:L""..': f +. '-1 "..s.: , + " ~ , . ' : .  : . ' -7~+'~ ..'t" "~,.. 

+[~'LI'L'f.U-C I'+~,'IC+; '¢+11~'+ 2 _:,+~,~h" '~:,-,o' ' .  ,= + " d  ~ - + '  ..07 '+ 

SLFUCL , r  . . . .  , ,;. ~,.C~.~ing. 

~n ,'.erms c,f t~c ( normahzeo ) etgenmo6es o., .~nc 

etgenlrequenc,es ~,),., the structure facto.r t~kes t..-,c- 

Iorm 
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S(q.o~)= v oolq) O2~,q) 61(o:--(o~,) ,_ 
t ' )  

~.here :,, (q) is the spatial Fou,ier transform ofo,, ~ R). 

.As S( q, "o) satisfies the sum rule .1 den {oSl  q. ~o ) = I, 
the assump~.ion of  single-length scaling implies 

Slq. to)=to2F(to/q ~'-+''~ 2) • (71 

where F is a scaling function. To test this form, we 

has e calculated S( q, co) for successive eigenfrequen- 

cies belonging to the same subset. For numerical rea- 

sons, the 6 function ~,,as ehminated, by adding an ar- 

b=trarib' small imaginary' term npl to to-'. calculating 

S(q.  (o1, and then multiplying the result by )/. For 

I~o:-co~-.l<)l, the result ns independent of  )!. Effec- 

tively, this procedure is eqmvalent to the calculation 

of  'rO,~ ¢q) Go(q). where the sum runs over all de- 

generate states o f  eigenfrequenc} (a,,. The corre- 

sponding curves as a function of  q. fall one nnlo the 

other when the q axis is rescaled by a factor of  2 for 

each successi,, e frequency q see fig. 3 ). Hence. though 

the shape of  S(q. ¢o ) of  two frequencies belonging to 

different subsets ns not the same. the structu factor 

of frequencies nf the same subset obe.~ the scaling 

form 17 ). ~,hich agmn confirms the fracton model 

pre,J~Clnons [ S 1. 

o6 

3 

3 

f ,  

I' 7 N ',~, 

/' 

l '  

I 
P 

_ _= 

t , I , i , [ I " "i -~i ) 

" " '  , I  . I  . i  

I[-L~2 ~ R~.,.. ' ' '  , I,.~ , . t l l"~ C'~ C)I ¢ , ' ~ 1 4 ,  , ~ , , )  f ( , r  t ' l ~ . n ~ . . ~ l t l ~ .  ',. bt..lOl'n~ll-lg 
I , ,  ) l ~ i '  , n ':tlla~kl 

A technical point should be noted. The- structure 

factor and hence the scaling functton F are expected 

to obey scaling in the )1--,0 limit. The du,'=atien from 

exact scaling obserxed m fig. 3 is due to numerical 

iterative approach towards that limit: one chooses a 

value for ~1. calculates the approximate eigenvalue, 

reduces r/. then recalculates the eigenvalue until the 

desired accuracy is achieved. The nonsyst,:matic de- 

viations from scaling can be removed by further it- 

erations. The scaling o f  the structure factor is. how- 

ever. clearly demonstrated by fig. 3. 

3. Summary 

We have shown that the excitation spectrum per- 

taining to the equation of  motion ( 1 ) obeys single 

length scaling for a fractai structure. This holds not 

only for the peak position of  the structure factor, but 

for its shape as well. 
This computation cannot describe the phonon- 

fracton crossover, as it is valid only in the fracton re- 
gime. To consider the entire frequency rang,', the ef- 
fectlse medium approximation (EMA)  was ex- 
ploited 19 I- The sptrit of this model is to replace a 
random s.~stem b.~ an el'recline homogeneous (and 
per=o~c) medium, t~hich one can sol~e for the d.~- 
namics. The parameters of ti.e efl'ectt~e medmm de- 
pend, in a self-consistent ~ay, upon the pa,-ameters 
of  the random s~stem. The line shape of the structure 
factor, within EMA, c~ .1 be ~ritten in terms ol'an el" 
fective sound velocity and line~idth, r - ', both func- 
tions of frequency [9 ]. One ca=', then analyze their 
hmitmg beha~tou s. in the phonon (o,<¢o,) and in 
the fracton qw~t,L ) regimes. By inte."polaling bc- 

tv, een these tv..o bruits and using the EMA line shape. 

Courtens et al. [41 :~cre able to fit beautifully thcnr 

Brnlh-mu; scatter=rig data. 

With'n EM~. the sound ~el)c:|). up Io ,.,.,,. ~as 
¢ound I9i to oe independent of u.,. Abo~c o.~, nt m- 

creased a ,.,h ,o. rl~e scattering v¢)Jth r-  n fo!lowcd the 

Ra~. leiga ia~ in the phonon reg)me, r-  ~ ~¢o '~ ÷~. and 

became propor'donal Io the Ire, luen¢.~ in lhc fracton 

,,e~ume. ~n.~s co,~5rw.R~g lh,: ~offe-Ree-e; limtl lot 
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fractons, derived from scaling arguments 18 ]. How- 
ever. within EMA, the linewidth did not sca',e with 
(o,.  it ts conceivable that this failure ofscaling is con- 
,=ected wdh tht approximations revolved in the ef- 
fective medium approach. The calculation presented 
here indicates that in the fracton regime the dynam- 
ics does obey single variable scaling. 

We finally speculate upon the spatial extension of 
the eigenfunctions -orresponding to a given fre- 
quency. The 3' degeneracy of the co~ mode suggests 
that there is a representation in which each eigen- 
function extends over 3 " - '  sites. This implies that the 
spauai extension is approximately 2 . . . .  > I /qm~, ,  in a 
complete agreement with the width of  the computed 
structure factor. The spatial extension of the wave- 
funcuons is most effectwely probed by the heat dif- 
fusivity; il would be of interest to explore th!.; 
quantity. 
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